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We derive the total cross section for scattering of a photon on an ultra-short laser pulse at high
energies. We take into account all multi-photon interactions. We argue that the nonlinear effects due
to these interactions become important at very high intensities of the laser pulse. We demonstrate
however, that these intensities are significantly lower than the Schwinger critical value.
Geometry of a laser pulse ` plays a prominent role in its
interactions with elementary particles [1, 2]. In this letter
we consider interactions of photons with ultra-short laser
pulses at high energies. Laser pulse is a coherent state of
large number of photons N . If width 2d and length L of
the laser pulse can be neglected, then the total γ` cross
section reads [3, 4]
σγ`tot(s) =
α4N
m2
1
36pi
[175ζ(3)− 38] . (1)
This is just N times the total γγ cross section, which at
high energies receives the leading contribution from the
process γγ → e−e+e−e+ mediated by the Weisza¨cker-
Williams photon exchanged in the t-channel between the
two e+e− electric dipoles. At high intensities I of the
laser pulse, i.e. at large N , close to the Schwinger critical
value, the non-perturbative effects as well as non-linear
perturbative ones are expected to produce large correc-
tions to Eq. (1). In this letter we demonstrate that it is
in principle possible to prepare a laser pulse that would
interact non-linerly with energetic photons at intensities
smaller than the critical.
We begin with an observation that the laser pulse
width 2d is actually large compared to the effective radius
of the electro-magnetic interactions. Indeed, the max-
imal impact parameter between the two e−e+ pairs is
b′max =
√
s
4m2 , which is the consequence of existence of the
minimal longitudinal momentum transfer [6] and the fact
that the t-channel photon is almost real l2 ≈ −l
¯
2 (we use
bold face for transverse – w.r.t. the collision axes – two-
vectors). Here s and t are the usual Mandelstam vari-
ables. For realistic values of s and d it holds that b′max 
d. For example, consider collision of ω = 100 GeV pho-
ton with Ω = 100 eV laser pulse. The high energy ap-
proximation holds since
√
s = 6.3  1 MeV. The pulse
width can be estimated as d ∼ λ = 2pi/Ω = 1.3 nm;
hence b′max/d = 6 · 10−3  1. We will often refer to this
example.
To take the finite width of the laser pulse into account
it is convenient to Fourier transform the amplitude of γ`
scattering into the transverse configuration space. Then,
the wave-function Φ˜(r
¯
) of the energetic photon, describ-
ing splitting of a photon into e−e+ dipole, factorizes from
the imaginary part of elastic scattering amplitude iΓd`,
where d stands for the electric dipole e−e+ produced by
the energetic photon. Let b
¯
′ be the impact parameter
between the dipole d and a photon γ` in the pulse; B¯
–
between the dipole d and the pulse symmetry axes and b
¯– between the photon γ` and the symmetry axes; clearly,
b
¯
′ = B
¯
− b
¯
. The total cross section reads [7, 8]
σγ`tot(s) =
1
2!
∫
d2B
∫
d2r
2pi
Φ˜(r
¯
) 2 〈Im [iΓd`(r
¯
,B
¯
, s)]〉 ,
(2)
where [9]
Φ˜(r
¯
) =
αm2
pi
(
2
3
K21 (mr) +K
2
0 (mr)
)
. (3)
The longitudinal extent L of the laser pulse is also
an important parameter. It is determined by the pulse
duration τ . For an attosecond pulse τ ∼ 10−18 sec which
translates into L ∼ τc = 0.3 nm. For highly energetic
photons L may turn out to be shorter than the coherence
length lc of the energetic photon∗, which is given by the
inverse of the minimal longitudinal momentum transfer.
In the Lab frame [6]
lc = (~ω/2mc2)λ , (4)
where λ = 3.8 · 10−4 nm is the Compton wavelength of
electron. Coherence effects due to multiple scattering of
an energetic photon on photons of the laser pulse are
important when lc  L which implies a condition
~ω
2mc2
 L
λ
. (5)
In the following we assume that (4) is satisfied. In partic-
ular, for a sample parameter set chosen above lc/L ' 200.
Since all N photons in the pulse are in a coherent state
we can write using the Glauber approach [10]
〈Im [iΓd`(r
¯
,B
¯
, s)]〉 = Im (1− e−N〈iΓdγ` (r¯,B¯ ,s)〉) , (6)
∗ This is not to be confused with the laser coherence length.
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2where iΓdγ` is elastic scattering amplitude of the dipole
d on a photon γ`. Averaging in (2) and (6) is performed
over the entire volume of the pulse. At high energies, the
interaction is approximately instantaneous (since the me-
diating photons are almost real) implying that the dipoles
in the pulse do not recoil. One then describes the num-
ber distribution of the dipoles in the pulse by a function
ρ(b
¯
, z), where z is the longitudinal position of a dipole.
It is normalized such that∫
d2b dz ρ(b
¯
, z) = N . (7)
The average of the amplitude over the dipole position in
the pulse reads
〈iΓdγ`(r
¯
,B
¯
, s)〉 = 1
N
∫
d2b
∫ L/2
−L/2
dz ρ(b) iΓdγ`(r
¯
,B
¯
−b
¯
, s).
(8)
We estimated above that b′max  d. Since b ∼ d it implies
that b′  B ≈ b. Neglecting for notational simplicity z-
dependence of ρ we write
〈iΓdγ`(r
¯
,B
¯
, s)〉 ≈ L
N
ρ(B)
∫
d2b′iΓdγ`(r
¯
,b
¯
′, s) . (9)
To the leading order in α the dipole-photon elastic scat-
tering amplitude is depicted in Fig. 1. We can write
analogously to (2)
Im [iΓdγ`(r
¯
,b
¯
′, s)] =
∫
d2r′
2pi
Φ˜(r′) Im [iΓdd(r
¯
, r
¯
′,b
¯
′, s)] ,
(10)
where iΓdd is the elastic dipole–dipole scattering ampli-
tude.
(a) (b)
FIG. 1: Leading order contributions to the dipole-photon elas-
tic cross section. The upper dipole is associated with the en-
ergetic photon. The horizontal wavy line is a photon in the
laser pulse.
Diagram Fig. 1(a) represents the leading contribution
to the real part of the dipole-photon scattering ampli-
tude. However, it vanishes due to the C-invariance of
QED (Furry’s theorem). Higher order contributions to
the real part of the dipole–photon amplitude are repre-
sented by diagrams with odd number of exchanged pho-
tons. They vanish for the same reason. Therefore, the
dipole-photon amplitude is purely imaginary at high en-
ergies. The leading diagram is shown in Fig. 1(b). The
corresponding dipole–dipole amplitude is
iΓdd = 2iα2 ln2
|b
¯
′ + 12 r¯
+ 12 r¯
′||b
¯
′ − 12 r¯−
1
2 r¯
′|
|b
¯
′ + 12 r¯
− 12 r¯
′||b
¯
′ − 12 r¯ +
1
2 r¯
′| . (11)
Using (2),(6),(9),(10),(11) we derive for the total pair-
production cross section
σγ`tot =
α
pi
∫
d2B
∫ ∞
0
duu Φ˜(u)
{
1− e−κ(u,B)} , (12)
where
κ =
8α3ρ(B)L
m2
u4
∫ 1
0
dξ log
e
ξ
[
ξ3Φ˜(uξ) + ξ−3Φ˜(uξ−1)
]
(13)
with ξ = r′/r and u = mr.
When κ = N〈iΓdγ`〉  1 the exponent in (6) and (12)
can be expanded which corresponds to the linear two-
photon exchange regime. Integration over dipole sizes
and impact parameters then yields (1). In the oppo-
site limit κ  1 the nonlinear effects are strong leading
to saturation of the cross section at its geometric limit
σγ`tot ∼ αd2 lnκ. This regime is characterized by weak
logarithmic dependence of the cross section on intensity
of the laser pulse. Given the laser pulse of wavelength
λ and pulse duration τ , transition from the linear to the
saturation regime can be characterized by intensity Imp
for which κ ' 1. We can estimate
κ ' 8α
3τλλ2I
pi~c
. (14)
Therefore
Imp =
pi~c
8α3τλλ2
. (15)
Let us compare Imp with the critical value Ic at which
the Schwinger mechanism of pair production [11, 12, 13]
becomes important. Ic = cE2c where the critical value of
electric field is Ec ∼ m2c3/(e~). Therefore,
Imp
Ic
∼ 1
α2
λ2
Lλ
 1 (16)
for realistic values of L and λ. In fact, for the sample set
of parameters that we are using Imp = 7 · 10−5 Ic.
In conclusion, we argued that the geometry of attosec-
ond laser pulses is such that at presently accessible high
energies (i) the width of the pulse d is much larger than
the effective radius electro-magnetic interactions, (ii)
length of the pulse L is shorter than the coherence length.
For this case we derived the total cross section (12) that
includes all multi-photon interactions between the ener-
getic photon and the laser pulse. These multi-photon
interactions are important at laser intensities Imp much
smaller than the critical value at which the perturbative
vacuum of QED becomes unstable. This result may be
3useful for investigation of nonlinear effects in electrody-
namics (see e.g. [14]).
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